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FINITE LENGTH 



VIGLEIK ANGELTVEIT 

Abstract. Let A; be a perfect field of characteristic p and lot Wn(fc) denote 
the p-typical Witt vectors of length n. For example, Wn(lFp) = Z/p". We 
study the algebraic ii'-theory of W„{A;), and prove that A'(W„(fc)) satisfies 
"Galois descent" . We also compute the i^-groups through a range of degrees, 
and show that the first p-torsion element in the stable homotopy groups of 
spheres is detected in K2p—3{Wn{k)) for all n > 2. 



1. Introduction 

Let fc be a perfect field of characteristic p. Then the algebraic if-theory of k is 
well understood, at least after p-completion. Indeed, the p-completed if-theory of 
k is concentrated in degree 0. 

The situation is far more complicated, but still well understood, if we lift to 
characteristic using the Witt vector construction. For example, Bokstedt and 
Madsen computed the p-completed algebraic AT-theory of the p-adic integers Zp = 
W(Fp) in [g, and of W(FpO in [7]. Later Rogues [311133120] computed the AT-theory 
of the 2-adic integers, and Hesselholt and Madsen [22 computed the if -theory of 
complete discrete valuation fields with residue field fc, at least in odd characteristic. 

It follows from the work of Hesselholt and Madsen {loc. cit.) that if (W(fc)) 
satisfies Galois descent. By that we mean that if fc — fc' is a Galois extension of 
perfect fields of characteristic p then the canonical map if (W(fc)) — > K{W{k'))^'^ 
to the homotopy fixed points of if (W(fc')) is an equivalence on connective covers 
after p-conipletion. (This is one version of the Lichtenbaum-Quillen conjecture). 
But for W„(fc) for n < oo the usual tools from algebraic geometry do not work, 
because W„(fc) is not a regular ring. 

Despite considerable effort, very little is known about if (W„(fc)). Our first main 
theorem establishes that if (W„(fc)) satisfies Galois descent. 

Theorem A. Suppose k k' is a G-Galois extension of perfect fields of charac- 
teristic p. Then the canonical map 

if (W„(fc)) ^ if (W„(fc'))'"^ 

is an equivalence on connective covers after p- completion for any n < oo. 

If we complete at a prime I p, we know that if (W„(fc))f ~ K{k)^. We 
also know that Galois descent for k ^ k' works after completing at any prime. 
Moreover, if fc is finite then K^,{'Wn{k)) is finite in each degree. Hence knowing the 
/-completion for each I suffices to reconstruct if(W„(fc)). It follows that we have 
Galois descent for finite length Witt vectors of finite fields, see Corollarv l4.15l 



While the task of understanding K{Wn{k)) completely appears insurmountable 
with current technology, we do have some partial results. The first of those is the 
following. 

Theorem B. Suppose k ~ ¥q is a finite field with q elements. Then 

|g2»-l(W„(fc),(p))| ^ ^(„_i), 



|if2.-2(W„(fc),(p)) 

for all i > 1. 

Combining this with Quillen's calculation of K{¥q) we get a similar result for 
non-relative if -theory, see Corollarv l4.19l 

Together with Theorem 15.11 below this goes a long way towards computing 
if*(W„(fc)) up to extensions. We can be more explicit in low degrees, determining 
the groups up to degree 2p — 2. 

Theorem C. Suppose p is a perfect field of characteristic p. Then for any n > 2 
we have 



K2^-l{Wn{k),{p)) = 



W(„_i)i(fc) for 1 < 2i - 1 < 2p - 

Z/p® 1)) for2i-l = 2p-3 



K2^{W^{k),ip)) - 




for 2 < 2i < 2p - 4 
1) for 2i = 2p-2 



Here 



R ■■ W(„_i)(p_i)(fc) ^ k 

is the iterated restriction map and (j) : k k is the absolute Frobenius map on k. 

Moreover, the unit map from the sphere spectrum sends the first p-torsion ele- 
ment a\ € TT2P-3S to a generator ofL/p C i4r2p-3(W„(/c), {p))- 

If A; = ¥ps then Wm{k) is additively isomorphic to {Z/p™Y and R^^{im{(l) — 1)) 
is additively isomorphic to Z/p™^-*^ © {'L/p'^Y^^ . Moreover, coker{ip — 1) = Z/p. 
This allows us to identify the if -theory of W„(Fps), and in particular the if -theory 
of Z/p", explicitly through the same range of degrees, see Corollary 16.51 

We pause to compare this to known results. The calculation of ifi and if2 is 
classical, and the observation that ifi(W„(fc)) = W„(A:)^ behaves differently in 
characteristic 2 is of course even more classical. Theorem [C] can be thought of as 
an extension of that phenomenon to odd degrees. In characteristic 3 this was also 
observed by Geisser [TB], who computed if3(W2(F3s)) when (3, s) = 1 and found 
the extra Z/3 summand coming from the 3-torsion in n^S. 

Evens and Friedlander [15] computed if 3 and if 4 of Z/p^ for p > 5, but the most 
general calculation to date, and the only one we know of that goes beyond degree 
4, is due to Brun [11 who computed ifi(Z/p") for z < p — 3. 

1.1. Main proof ideas. We compute using the cyclotomic trace map |S] 

trc : K{A) TC{A), 

which for A = W„ (fc) is an equivalence on connective covers after p-completion |21) . 

The starting point of our calculation is the topological Hochschild homology of 
k, which looks like THH{¥p) "tensored up" to k. We can bootstrap from that 
to Tiiii*(Wn(fc)) by filtering Wn(fc) by powers of p to get a spectral sequence 
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starting with T H H^,{k[x] / x""-) , which is known by work of Hesselhoh and Madsen 
[2D] , and converging to TiJiJ*(W„(/c)). From this we recover Brun's calculation of 
THH,{Z/p'') [W. 

This filtration of THH{Wn{k)) is S'^-equivariant, and as a result we get a cor- 
responding spectral sequence converging to TF*(W„(fc)). The restriction map R 
does not respect the filtration, so we cannot hope to get such a spectral sequence 
for TC or for K. Instead R divides the filtration by p, and, expanding on ideas of 
Brun [IT], we obtain a spectral sequence converging to TC*(W„(A:)). 

The proof of Theorem [X] goes as follows. We first show that TF(W„(A;)) satisfies 
Galois descent. This follows becaouse TF(fc[x]/x") satisfies Galois descent, plus 
a collapsing spectral sequence. Then, because homotopy fixed points commute 
with homotopy equalizers, the same is true for TC and the statement for X-theory 
follows by taking connective covers. 

The proof of Theorem [B] uses the spectral sequence for TC discussed above. 
The necessary input is Hesselholt and Madsen's computation of TC^,{k[x]/x") 
PP) . which implies that for fc = F, we have |TC2»_i (fc[x]/x")| = and 

TC2^-2(fcN/x") = 0. 

For Theorem [Cl we use an idea due to Brun 11 of comparing with cyclic homol- 
ogy, which is more readily understood, as well as the map from K^,{W{k)). Our 
method breaks down in high degrees because of the possible existence of differen- 
tials "crossing filtration n" in the spectral sequence converging to TC*(W(fc), (p)). 
If n is sufficiently large it is possible to push the range of degrees for which we 
understand the if-theory further, but the analysis quickly becomes unwieldy and 
we omit it. 

1.2. Conventions. We fix a perfect field k of characteristic p for some prime p 
throughout and implicitly complete all spectra at p unless we say otherwise. We 
write THH{A), TC(A) and K{A) for the (p-completed) topological Hochschild 
homology, topological cyclic homology, and algebraic K-iheory spectrum of A. If 
a group G acts on a spectrum X, we write X'^ , Xfio, X^'^ , X^^ and X*'^ for the 
fixed point spectrum, homotopy orbit spectrum, homotopy fixed point spectrum, 
geometric fixed point spectrum, and Tate spectrum, respectively. We let ^(0) 
denote the mod p Moore spectrum, so ^(O)*^ — ■K^{X]'L/p). 

We write P{x), Ph{x), E{x) and T{x) for a polynomial, truncated polynomial, 
exterior, and divided powers algebra, respectively. The ground ring will usually be 
k. 

We write R and F for the restriction and Frobenius map, respectively, either 
from THH{A)^p"^ to THH{A)^p"'-^ or from Wm+i{k) to W™(fc), and we write cf) 
for the absolute Frobenius map on k and its lift to W„(fc) or W(fc). 

1.3. Acknowledgements. This paper would never have been started without 
Mike Hill, with whom I had extensive discussions about the topological Hochschild 
homology spectral sequence coming from a filtration of a ring. At the time we did 
not know that Morten Brun had already constructed such a spectral sequence, and 
we reproved some of his results and did several sample computations together. 

In addition I would like to thank Tyler Lawson, Teena Gerhardt, and Lars Hes- 
selholt for helpful conversations. 

This work was supported by several grants: An NSF All-Institutes Postdoctoral 
Fellowship administered by the Mathematical Sciences Research Institute through 
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2. A TOPOLOGICAL HOCHSCHILD HOMOLOGY SPECTRAL SEQUENCE 

In this section we study a spectral sequence 

= n,+tTHH{GrA; s) =^ TTs+tTHH{A) 

associated to a filtration of a ring A. The existence of this spectral sequence was first 
noted by Brun [10| . though he only used it in an indirect way in his computation 
of T_ff_ff»(Z/p"). We will demonstrate that this spectral sequence is a good tool 
for computations by simplifying and extending known calculations of THH . 

For conventions and standard results about spectral sequences, see [1]. Most 
of the spectral sequences in this paper will be conditionally convergent. If the 
spectral sequence satisfies some Mittag-Lefher condition it converges strongly. This 
is typically easy to verify, in most of our examples it follows because the i5i-term 
is finite (or has finite length over k) in each bidegree. Because of the large number 
of spectral sequences appearing we will not discuss convergence in each case. 

2.1. A Hochschild homology spectral sequence. We start with Hochschild 
homology, which is easier, in order to introduce some key ideas. Recall that for 
a ring A, the Hochschild homology HH^,{A) is the homology of a chain complex 
HC*{A) with A^'+i in degree q and 

d(ao (8i . . . <8> Oq) = ^ (-l)*ao (8i . . . (8) a^ai+i €5 . . . (g) 

0<i<<3-l 

+ {-l)'^aqao (g) ai ig) . . . (g) ag_i. 

It can also be described as the homology of the cyclic bar construction B^{A). If A 
is graded, we follow the usual sign rule, multiplying by (—1) whenever we move two 
things (elements, or operators like d) of odd homological degree past each other. 

In much of the paper we will need to use derived tensor products. For example, 
in the definition of Hochschild homology, if A is not projective as a Z-module we 
replace A by a levelwise projective differential graded ring. For example, Fp is 
replaced by the chain complex Z A Z with the obvious multiplication. Note that 
in the literature this version of Hochschild homology is sometimes called Shukla 
homology. 

An alternative description of HH^,{A) is as the homology of the derived ten- 
sor product A ®A®A°p A, or as Tor^®^ [A^A). The equivalence between the 
two definitions follows by replacing one of the ^'s by the 2-sided bar construction 
B{A^ A, A), which is a cofibrant replacement of A as an A-bimodule. In particular, 
the homology of "L/p ® 7L/p°'P is exterior over Z/p on a class in degree 1, and it 
follows that 

HH,{Z/p) ~ r(^o) 

is a divided powers algebra over Z/p on a class /io in degree 2. 

Now suppose A = ^ Ai is a, graded ring. In the examples this grading will 
usually be independent of the homological grading. Then we get a splitting of the 
Hochschild homology of A. 
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Lemma 2.1. Suppose A is a graded ring. Then the Hochschild homology HHt,{A) 
of A splits as a direct sum 

HH,{A)^^HH,{A- s), 

s 

where HH^, [A; s) is the homology of the suhcomplex of HC^, {A) of internal degree 
s. Here we give ao • • • a? in HCq{A), with each ai homogeneous, internal degree 
\ao\ + . . . + \aq\. 

Proof. This is clear, because the Hochschild differential preserves the internal de- 
gree. □ 

Now suppose A is a complete filtered ring. By this we mean that A comes with 

a decreasing filtration 

. . . ^ F^+'^A F^A ...^ F°A = A. 

We assume the filtration is compatible with the multiplicative structure, meaning 
that the multiplication on A induces maps FM F^A — >■ A. Complete means 
that the canonical map A — )• lim^ A/F^A is an isomorphism. The canonical example 
comes from an ideal I c A. If ^ is /-complete then F^A = I^A defines a complete 
filtration on A. Let Gr'A = F'A/F'+'^A and let GrA = 0. Gr'A. Then GrA is a 
graded ring, and we can compute HH^ {GrA) as above. 

Next we define a corresponding filtration of iJC* (A) . We do this by defining 

F''HCg{A)= y F^°A® ...(gjF'-'A. 

It is clear that the Hochschild differential preserves this filtration, so we have a 
filtration of C* (A) and hence a spectral sequence. 

Theorem 2.2. Suppose A is a complete filtered ring with associated graded GrA. 
Then there is a conditionally convergent spectral sequence 

El'' = HH,+t{GrA- s) =^ HHs+t{A). 

The differential dr has bidegree (r, — r — 1). If A is commutative this is an algebra 
spectral sequence. 

Proof. It is clear that we have a spectral sequence converging to HH^ (A) associated 
to the above filtration, and the i^i-term is as claimed because 

F'HCg{A)/F'+^HCg{A) ^ Gr'^A ... Gr*' A. 

io + ---+iq=s 

This means that F^ HC^{A) / F''+^ HC^{A) is isomorphic to HC^{GrA]s). 

If A is commutative we have an induced multiplication on each HCq{A) which 
descends to a multiplication on HH^{A), and we get an induced multiplication 

F''HCg{A)(E)F''^HCg{A) F'^+'^HCg^A). 

This makes the spectral sequence into an algebra spectral sequence. □ 

Next we look at some examples to show that this spectral sequence can be used 
quite effectively. We fix a perfect field k of characteristic p. Then the Hochschild 
homology of is a divided powers algebra over k on one generator ^q. 
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Example 2.3. First we consider W{k) filtered by powers of p. Then the associated 
graded is GrW(fc) = k[x], and we have a (strongly convergent) spectral sequence 

= HH,+t{k[x];s) =^ HH,{W{k)). 

We find that 

HH4k[x]) ^ r(^o) ® Pix) ® E{ax), 

where /zq comes from HH^,{k). This is bigraded, with |/zo| = (0,2), |x| = (1,-1) 
and \ax\ = (1, 0). 

We have an immediate differential 

diiloil^o)) = lj-i{no)cTX, 

for each j > 1, leaving 

Er = E*^* = P{x) 

concentrated in homological degree 0. If we use that there is a comultiplication on 
El'* with tp{jj{iJ,o)) = X]a+f)=i 7a(Mo)'S'76(A*o) we can say that the di- differential is 
generated by the single differential (ii(/io) ~ <^x. Since x represents multiplication 
byp, this recovers the classical result that HHo[W{k)) = W(fc) and HHi[W{k)) = 
for i > 0. 

Example 2.4. Next we consider Wn{k) filtered by powers of p. Then the associated 
graded is GrW„(fc) = k[x]/x'^. Let 

E*'* = r(/io) <8> Pn{x) (8> E{ax) r(a;„), 

where the new generator Xn has bidegree |x„| = (n, 2 — n). Now define a differential 
do on -Eq'*, generated multiplicatively by do{'yj{x„)) = nx"'~^jj-i{xn)o'X for k > 1. 
Then 

HH,{k[x]/x'') ^ H4E;'*,do). 

If p divides n then do = 0, and i?*'* = E^'* with a di- differential generated multi- 
plicatively by di(7j(/Zo)) = 7j_i (/io)o-.T for j > 1, leaving 

e;'* = E*^* = p„{x)c$r{xn). 

This is the associated graded o/i?i?*(W„(A;)) = Wn{k)®T{xn)- As above, if we use 
that there is a comultiplication on E^'* with V'(7j(Mo)) = X^a+6=j 7o(Mo)8>76(mo) we 
can say that the di- differential is generated by the single differential di{po) = '^x. 

If p does not divide n then the Ei-term is somewhat smaller. We still have a di- 
differential generated by di(7i(/xo)) = crx, but now the E2-term is somewhat larger. 
In this case we also have d2- differentials 

d2{x"~^^j{Ho)) = Xn7j-2{lJ'0)(rX 

for k>2. This leaves 

El'* = E*^* = Pn{x){l} © {k{x^-^Holj-l{Xn)} e Pn-l{x){x^^{Xn)}). 

There is a hidden multiplication by p extension, so again we recover that 

HH,iWn{k)) =W„ik) (^T{in). 
Now Jjixn) is represented by x"~^iJ,oJj-i{xn), while pjj{xn) is represented by 

Xlfj ) • 
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Remark 2.5. Note that in the above example the case p \ n is more complicated. It 
is possible to filter away this added complexity, as follows. In the Hochschild chain 
complex iJC, (W„(fc)), introduce a third grading by giving the class representing 
"fj{xn) degree —j with associated graded G'ri/C*(W„(/c)). Then we get a spec- 
tral sequence {GrE*'* ,dr) converging to GrHHi,{Wn{k))- The associated graded 
GrE^'* is the ring Eq'* above, now trigraded. Now dg — 0, because it increases the 
filtration. Then we get the same di- differential as in the case p \ n, at which point 
the spectral sequence once again collapses. We now have another spectral sequence 

El'* = W„(fc) ® Tixn) =^ HH,{Wnik)), 

which collapses at the Ei-term, giving us the desired result without having to com- 
pute higher differentials. 

In anticipation of the proof of Theorem l5.13l below we also explain how to recover 
HH,{W{k)) from HH,{Wnik)). 

Example 2.6. Now suppose we filter W{k) by powers ofp"'. Then the associated 
graded is W„(fc)[?/], so we get a spectral sequence 

El'' = HHs+tCWr^{k)[y];s) =^ HHs+t{W{k)). 

Then we find that 

El'* ^ Wn{k) ® r(a;„) ® P(y) E{ay). 
The differentials are generated multiplicatively by 

diiriAxn)) = 7j-i(a;„)cry, 

leaving 

El'* = E*^* =m^{k)®P{y). 
This is concentrated in total degree 0, and is the associated graded o/W(/c). 

2.2. Topological Hochschild homology. For a naive definition of THH we have 
a wide choice of frameworks with which to work. For example, we could define 
THH{A) as the geometric realization of a simplicial spectrum with q H> , the 

{q + l)-fold smash product of A with itself. But to build THH{A) as a cyclotomic 
spectrum (see Section FB.ll below for the definition of a cyclotomic spectrum) we need 
a more sophisticated definition. A variant of this definition goes back to Bokstedt 
[8] , see also [21] . Since this technology is well established, we will be brief. See also 
[1] for a more modern definition. 

Let A be a symmetric ring spectrum in the sense of [23], but with topological 
spaces instead of simplicial sets. If A is a ring, we can regard A as a symmetric 
ring spectrum by setting A{i) = K{A,i). For each simplicial degree q and finite- 
dimensional S'^-representation V contained in some complete S'^-universe 14 we can 
consider the space 

THH{A)g{V) ^ hocolimj,+if7*°+-+''(A(io) A ... A A{iq) A S^). 

Here / is the category whose objects are n = {l,...,n} for n > and whose 
morphisms are all injective maps. By varying n we get a prespectrum THH{A)q 
for each q, and by varying q we get a simplicial prespectrum. We then define the 
prespectrum THH(A) as the geometric realization of this simplicial prespectrum. 
Each THH{A){V) has two S'l-actions, coming from the geometric realization of 
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a cyclic object and from S , and we use the diagonal action. The genuine S^- 
spectrum THH{A) is the spectrification of this prespectrum. 

Note that while A is a symmetric ring spectrum, THH(A) is a coordinate-free 
genuine S'^-spectrum in the sense of [25j. 

In unpublished work [9], Bokstedt computed THH{¥p) and THH{Z), and in 
[2Tj Hesselholt and Madsen extended the first of these calculations to THH{k) for 
any perfect field k of characteristic p. They found that 

^:,THH{k)^P{^l,,), 

a polynomial algebra over k on one variable in degree 2. Here /j,o is represented 
by 1 ® To in the Bokstedt spectral sequence, where tq is the mod p Bockstein and 
To = —To is its conjugate. The class /io maps to the class with the same name in 
HH2{k). 

We will see in Example 12.111 below that 

{W(fc) if j = 

W,^(,)(fc) if J = 2^-l isodd 
if j 7^ is even 

These spectra are sometimes easier to understand if we use mod p coefficients. Let 
V{Q) denote the mod p Moore spectrum. Then 

V{0),THH{W{k)) ^ E{Xi) (g> P(^i), 

where the ground ring is k and |Ai| = 2p — 1, \fii\ = 2p. 

We can then recover THH^,{W{k)) by running the Bockstein spectral sequence 

V{0),THH{W{k))[vo] =^ THH,{W{k)). 

This spectral sequence is generated multiplicatively by the differentials 

for j > 0. If in addition we use the "Leibniz rule" dj+i{x'P) = V[)xP~'^dj{x) then the 
Bockstein spectral sequence is generated by the single differential di{fii) = vqXi- 

Remark 2.7. The "Leibniz rule" in the Bockstein spectral sequence going from 
mod p homology to integral homology is discussed in |26[ Proposition 6.8]; at p — 2 
there is a correction term for d2 but otherwise it holds. While we have mod p and 
integral homotopy instead of homology, a similar result holds. The correction term 
for ^2 at p = 2 is Q'^{Xi), and an explicit computation shows that this is indeed 0. 

Returning to the general theory, suppose A is a, graded ring. Then we get a 
splitting of THH{A) into homogeneous pieces in the same way as for Hochschild 
homology. 

Lemma 2.8. Suppose A is a graded ring or symmetric ring spectrum. Then 

THH{A) = y THH{A; s), 

s 

where THH{A\ s) is the geometric realization of the subcomplex THH{A; s), of 
internal degree s. 
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Proof. Define 

THH{A;s)g{V) = \/ hocolimi,+in">+-+'-> {Gr'" A{io)A. . .AGr'" A{ig)AS^). 

S0+...+Sg=S 

The face and degeneracy maps respect tfiis splitting, lience we get a corresponding 
splitting after geometric realization. □ 

2.3. A topological Hochschild homology spectral sequence. Now suppose 
A is a complete filtered ring or symmetric ring spectrum. We can then define a 
corresponding filtration on THH{A), by setting 

F'THH{A)q=^ IJ F'MA... AF^'^A. 

S0 + ...+Sq = S 

Here F^^A A ... A F^''A denotes the spectrification of the genuine S'^-prespectrum 

V ^ hocolimj,+if7'''+-+*' {F'°A{iQ) A ... A F'->A{ig) A S^). 

We first note that this filtration is compatible with the face and degeneracy maps, 
so we can define F^THH{A) as the geometric realization of q n> F'^THH{A)q. 
Hence we have a filtration of THH{A), and we get the following. 

Theorem 2.9 (Brun [TO]). Suppose A is a complete filtered ring or symmetric ring 
spectrum with associated graded GrA. Then there is a conditionally convergent 
spectral sequence 

El-' = THHs+t{GrA; s) =^ THHs+t{A). 
If A is commutative this is an algebra spectral sequence. 
Proof. As for Hochschild homology, this follows because 

F'THHiA)jF-'+^THH{A)q= \/ Gr'° A A . . . A Gr'" A. 

This means that F'THH{A) / F'+'^THH{A) is isomorphic to THH{GrA; s). 
If A is commutative the maps 

F^^THH{A)q A F''^THH{A)q F''^+'^THH{A)q 

induce an algebra structure on the spectral sequence. □ 

Remark 2.10. To get a multiplication on the spectral sequence it suffices to assume 
that A is an E2 ring spectrum. This is related to how THH{A) is an S-algebra as 
long as A is an E2 ring spectrum, see JJj. We omit the details, as we will not need 
them. 



2.4. Example computations. In this section we use Theorem 12.91 to compute 
THH{A) in some examples. 

Example 2.11. We start by computing THH4W{k)) from THH^{k[x\). We find 
that 

E*{* = THH^{k[x]) ^ P(/io) (E) P{x) ® E{ax), 

where /iq comes from THH^{k). The only difference from Hochschild homology is 
that here iiq is a polynomial generator rather than a divided powers generator. 
We have an immediate differential 

di(/io) = ax, 
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because /iq is represented by 1 ® tq where tq is the mod p Bockstein and ax is 
represented by 1 Cg) a;. Hence 

El'* = P{^ii)®P{x)®E{\i), 

where fii ~ /Iq and Ai = x^^^ax. Next we use the Leibniz rule to get a differential 
d2{pi) = x\i, so 

E*'* ^ P(/i2) ® P{x) ® E{X2) © {x-torsion}. 

In general 

E*f*^ = P(/i^) ® P{x) ® E{\r) ® {x-torsion}, 

where — /^r-i '^'^'^ -^f = Mr-i'^'"-!' '^'^'^ ™^ recover THH^,{W{k)). Note that 
the E2-term of this spectral sequence is isomorphic to the Ei-term of the Bockstein 
spectral sequence which computes THH^(W{k)) from V{0)^THH{W{k))[v()\. 

Example 2.12. Next we compute THH^Wnik)), starting from THH^{k[x]/x''). 
As for Hochschild homology, the calculation is easier if p \ n. Let 

E*-* = P{^o) «> Pp{x) ® E{ax) ® r{xn) 

and define a differential do on Eq by do{xn) — nx"^^crx. Then 

El'* = THH^{k[x]/x'') = H,{E;'*,do). 

First suppose p \ n. Then do = 0, so E^'* — E^'* and we get the same differen- 
tials ^ ^ 

dk+li^iQ ) = x'^^g ~Vx 

as for W{k), for < k < n ~ 1. Next suppose p \n. Then, just as in the computa- 
tion of HH^{Wn{k)), this moves the differentials around. This is a bit messy, so 
we prefer to follow the approach in Remark \2.5\ As for Hochschild homology, we 
introduce another filtration on THH(Wn{k)) so that the associated graded is the 
ring Eq'* above, now trigraded. This reduces the case p \ n to the case p \ n. This 
proves the following: 

Theorem 2.13. We have 

ri/i/2»(w„(fc)) = w,„a,(,^ (,),„) (fc) 

0<j<i 

THH2^-l{Wn{k)) = W,„ax(., (,),„) (fc) 
l<j<i 

for all i > 1. 

This recovers Brun's calculation of THH^{'L/pi'^) from [10 . We note that the 
first nonzero odd group is T H H2p-i{y^ n{k)) = k, and that the canonical map 
THH{W(k)) THH{Wn{k)) maps THH2p-i(W{k)) = k isomorphically onto 
this k. 

Example 2.14. Once again, in anticipation of the proof of Theorem \5.13\ we 
explain how to recover THH^{W{k)) from THH^{W„{k)). If we filter W(fc) by 
powers of p" we get a spectral sequence 

Ef ^THH,+t{Wn{k)[y];s) =^THH,+t{W{k)). 

Let 

E*'* = W„(fc) eg) P(/io) ® E{ax) ® r(x„) Piy) (g) E{ay). 
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If p I n we find that E^'* =^ H^{Eo, do) where do is multiplicatively generated 
by (io(/^o) = <^x. Note that this is P{^^ )-periodic. We then have a differential 
di{^j{xn)) — ^j^i{xn)<Jy, which wipes out r(x„) and E{ay). We also have the 
differentials 

for r > 0, and this way we recover THH^{W{k)) from T H H^(W n{k)[y]) ■ 

If p \ n the description of E^'* is similar, and we have isomorphic differentials. 

Observation 2.15. We note that in the spectral sequence 

El'* = THHs+t{Wn{k)[y];s) ^ THHs+t{W{k)), 

all differentials go from even to odd total degree. This will be important in the proof 
of Theorem [B| below. 

We include one more example. This next example will not be used in the rest of 
the paper. 

Example 2.16. Consider the Adams summand I of connective p-local complex 
K -theory kui^py We filter this by powers of vi: 

This filtration is multiplicative, and the associated graded is 

Gri 9i HZ^p)[vi], 

where \vi \ — 2p — 2. 

Now, consider the resulting spectral sequence with mod p coefficients. We find 
that 

El'* = V{0)^THH{Z(p^[vi]) ^ E{Xi) P(/^i) ® ® E{crvi), 

and there is an immediate differential di{pi) — av\, leaving us with 

El'* = P{ii2) ® E{Xi, A2) (g> P{vi). 

Here ^2 = /^i an-d A2 = ^\~^cfvi. This coincides with the Ei-term of the Vi- 
Bockstein spectral sequence considered in |28j . 

This spectral sequence is also interesting with integral coefficients. Recall from [5] 
that in THHf{£) there is an infinite vi-tower on Ai which becomes increasingly p- 
divisihle. /n riJiJ2p-i(^(p)[wi]) there is a Tj/p generated by \i andaZi^p^ generated 
by avi, and there is a nontrivial extension p ■ Xi — avi in THH:t{£). Hence the 
class Ai is 1/p times a naturally defined class. 

We have not attempted to understand the general behavior of the spectral sequence 
riJiJ,(Z(p') [ui]) THH^{£), though it is interesting that with the two spectral 
sequences in [3j we now have three spectral sequences converging to THH^{t}. 

3. The trace method 

In this section we review the "trace method" for computing algebraic iiT-theory. 
Most of the material in this section is known, we include it here for the reader's 
convenience and for ease of reference. In some instances we have generalized known 
calculations from Fp or Zp to k or W(fc). 
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3.1. Fixed points and geometric fixed points. Recall that a spectrum in the 
sense of [Tl] is indexed on a universe U = M°° . This means that a spectrum E is an 
assignment V i— > E{V) for each finite-dimensional V <ZU together with structure 
maps Y.'^EiV) E{V © W) such that the adjoint E{V) n^E{V ®W) ia a 
homeomorphism. 

Following 125] there are two notions of a G-spectrum. A naive G-spectrum is 
simply a spectrum E with a compatible action of G on each E{V). A genuine 
G-spectrum is one indexed on a complete G-universe, a G-inner-product space U 
which contains infinitely many copies of each irreducible G-representation. 

Given a genuine G-spectrum E, there are two types of G-fixed point spectra. 
First, we have the usual fixed point spectrum E'~^, which is defined space- wise. For 
V eU^ (ZU we set 

E^{V) = E{V)^. 

If we take the i/-fixed points for some H C G we get a genuine l/l^(i7)-spectrum 
in the obvious way. It is important to note that taking fixed points does not 
commute with spectrification. In particular, if AT is a G-space then (E^ A_|_)^ is 
very different from Ej^^^jA:[^. Instead, the classical tom Dieck splitting gives a 
formula for (Eg=A+)^. 

Second, we have the geometric fixed point spectrum E^'~' (often denoted ^^{E)). 
Recall that for a family J' of subgroups of G which is closed under subconjugacy, 
there is a G-space EJ' with the property that 



{e:f)" 



liH (^F 



Now let J- be the family of all proper subgroups, and define EJ^ as the cofiber 

ET+ S° ^ KF. 

Then E9^ = {KF A E)^ . 

A second, perhaps less intuitive definition is as follows, li Vl = \JVi, let = 
[jVf. Then E^'^ is the spectrum indexed on U^'^ defined as follows. Given V G 
U^'^, we have V = for some W gU, and we set 

E3^{V) = E{W)^. 

If we do this for a subgroup H d G we again get a genuine (i/)-spectrum. Taking 
geometric fixed points has the property that if A is a G-space then (Eg A+)'^ = 
E°°A^. More generally, taking geometric fixed points commutes with spectrifica- 
tion, so we can compute E^'^ at the prespectrum level if we wish. The advantage 
of using the second definition is that with the right definition of THH it is easy to 
check that THH{A) is cyclotomic. 

Now let G = and let H — Gn- Then if £' is a genuine S'^-spectrum then E's*^" 
is a genuine ^^/G^-spectrum. There is an obvious isomorphism : S*^ — > 5^/G„, 
and we can use this to change E^'~^^ back into a genuine S'^-spectrum p'^E^^" . 

Definition 3.1 ([211 Definition 2.2]). A genuine -spectrum E is cyclotomic ij it 
comes with compatible weak equivalences 

plE^C- ^ E 

for all n > 2. 
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The canonical example of a cyclotomic spectrum is the equivariant 

suspension spectrum of a free loop space. In this case 

and we see that this is a cyclotomic spectrum because [LX)^" = LX. 

We also know fS', f^T] that THH{A) as defined in Section 12.21 is a cyclotomic 
spectrum. This should not be surprising, since 

THH{T.°^VtX+) ~ T.°^LX+. 

Definition 3.2. Let A he a ring or symmetric ring spectrum. Then the TK-groups 
of A are the homotopy groups of the spectra 

TR"\A) ^THH{Afp^-\ 

These spectra are related by a number of maps, in a way that we now recall. 
There is a map F : TR"'+^(A) -J> TR"(A) called Frobenius, which is given by 
inclusion of fixed points. 

Definition 3.3. Let A be a ring or symmetric ring spectrum. Then TF(A) is 
defined as 

TF(A) =holimj.TR™(A). 

The Frobenius has an associated transfer map V : TR'"(A) TR''"+^(A) called 
the verschiebung. There is a map 

d:TR-(A)^TR™i(A) 

defined by multiplying by the fundamental class of S^. 
Finally, there is a restriction map 

R : TR"+i(A) ^ TR™(yl), 

which is defined using the cyclotomic structure on THH{A). To be precise, the 
map 

R : TR^{A) TR^{A) = THH{A) 
of non-equivariant spectra is given by the canonical map from fixed points to geo- 
metric fixed points, followed by the equivalence of the geometric fixed points with 
THH{A). More generally R : TR"+i(A) TR™(yl) is the Cp^-i fixed points 
of this map. If we beef this up to include (virtual) S'^-representations the map R 
takes the form 

R : I]"TR™+i(A) ^ I]"'tR™(A), 

where a = [/3] - [7] G RO^S^) and a' = p^ia'^"), see OIlT]. 

It is generally hard to understand fixed point spectra directly, and it is sometimes 
useful to compare the actual fixed point spectrum T'R"^~^^{A) to the homotopy 
fixed point spectrum THH{A)^'^p'" . Let T = THH(A), let Thc^^ denote the 
homotopy orbit spectrum and let T**-^p'" denote the Tate spectrum. Then there is 
a fundamental diagram [51 Theorem 1. 10 and Section 2], as follows. 

Thc,^ TR"+i(A) TR™(A) 



r„ 
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If we take the homotopy inverse limit over F we obtain a version of the funda- 
mental diagram featuring S^. 



'EThs^ TF(A) — ^ TF{A) 



Now consider the special case A = T,°°nX+. Then THH{A) = I]^iLX+, where 
denotes the free loop space on X. The tom Dieck splitting says that 

0</c<m 

In this case the top row in the fundamental diagram splits. In general, the existence 
of the top row in the fundamental diagram can be thought of as a non-split version 
of the tom Dieck splitting for general A. 

Finally we get to topological cyclic homology. 

Definition 3.4. Let A he a ring or symmetric ring spectrum. The topological cyclic 
homology TC(A) oj A is the homotopy equalizer 

TG{A) TF(A) 5 TF(A). 

id 



Alternatively, it can he defined as the homotopy 

TC{A) ^ TR(A) ^ TR(A), 

id 

where TR(A) = holimi?TR™(A), or as TC{A) = hohmfl,FTR"(A). 
There is a trace map 

trc : K{A) TC{A) 

which is an isomorphism on homotopy groups in degree > after p-completion if 
A is e.g. a finite W(fc)-algebra [27]. These comparison results go through relative 
TC and relative if -theory. 

Given a functor F from rings (or symmetric ring spectra) to spectra and an ideal 
/ C A, we define F{A, I) as the homotopy fiber 

F{A,I) ^ F{A) ^ F{A/I). 

This defines relative ii'-theory and TC, and we have a relative trace map 

trc : K{A,I) -> TC(A,/). 

What McCarthy [27] actually shows is that this relative trace map is an equivalence 
after p-completion when / is nilpotent. (Actually the relative trace map is an 
equivalence even before p-completing, see |13] for details.) 

The calculation of TC(fc) recalled below plus Kratzer's calculation of K{k) [53] 
provides the base case which we use to conclude that the absolute trace map is an 
equivalence in non-negative degrees after p-completion for certain rings. 

In particular this means that up to p-completion we have 

if,(W„(fc),(p)) -TC,(W„(fc),(p)) 

for all q. 
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In some cases we can use a result of Tsalidis to study TR™ (A) in terms of the 
Cpm Tate spectrum. 

Theorem 3.5 (Tsalidis, [33]). Let A be a connective symmetric ring spectrum of 
finite type. Suppose 

Pi : TTqTHH{A) TTgTHHiAy^" 
is an isomorphism for q > Qq. Then 

fm ■■ TR"(A) TTgTHHiAY^""' 
is an isomorphism for q > Qq for all m. 

This allows for an induction argument, as follows. Recall [IHl H] that there is 
a Tate spectral sequence converging to tt^,THH{AY'-^p"^ , and that we get spectral 
sequences converging to 'K^THH{A)hCpr,^ and n^THH{A)'^'^p"' by (with a small 
modification in filtration 0) restricting to the first or second quadrant, respectively. 
If the conditions of Tsalidis' Theorem hold and we understand TR™(v4), we can 
often understand the spectral sequence converging to 'K^,THH{Ay~^p"' because we 
know what it converges to in degree q > qa- Then restricting this spectral sequence 
to the second quadrant gives a spectral sequence computing 7r*ri/i/(A)'"-^p" , and 
this determines TR™+^(yl) for q > qa. 

By taking the homotopy inverse limit over F, we can also conclude that the maps 
r : TF,(^) -> TTqTHH{Af^^ and F : TF,(A) ^ HqTHHiAY^^ are isomorphisms 
for q>qo + l. 

3.2. Topological cyclic homology of k and W(fc). Many computations rely on 
the corresponding computations for fc, so following [2T| we spell this case out first. 
Recall that THHi,{k) = P{fJ,o) is a polynomial algebra (over the ground ring k) on 
a degree 2 generator /iq. Then the Tate spectral sequence looks like 

E*'* = p(^o) (g) E{ura) ® P{t, t-^) TT^THHikf^p"- . 

This is bigraded by fiber degree and homological degree, with |/io| = (2, 0), \um \ = 
(0,-1) and \t\ = (0,-2). The topological degree is the sum of the two degrees. 
The class vq = tfiQ represents multiplication by p and is a permanent cycle. We 
have a differential 

d2,n+l(li,n)=t"+V"-i<\ 

leaving 

e;„:+2 = E*^* = PM ® p{t, t-'). 

This is the associated graded of 

TT,THH{kf^'-'- '^W^{k)[t,t-^]. 

When m — 1 the map Fi : THH^{k) ■n^THH{kY^p is an isomorphism in 
non-negative degrees and Tsalidis' Theorem applies. 

To compute ■n^,THH{ky'''~^p"^ we restrict the Tate spectral sequence to the second 
quadrant, and we have 

E;^* ^ P{li0) ® E{Um) ® P{t). 

We have the same c?2m+i-differential, which leaves 

^2m+2 = E*^* = PM{f M > 0} © P,„+i(^;o){/i'o I 3 > 0}- 
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This is the associated graded of 

n^THHikf^^"- ^ W,n{k){f \ i > 0} © W™+i(fc){/i^o | j > 0}. 

To compute R : Tr^THH{k)^p"' -> Tr^THH{k)^p"'-^ we need to be a Uttle bit 
careful. From [21] we know that we have an isomorphism 

Pra : iroTHHikf-- ^ W„,+i(fc) 

which is compatible with the restriction map R. 

But if we use the map : THH{k)'~'p"^ — > THH{k)^'-^T'" to name elements 
of 'K^,THH{k)'-^p"^ there is another isomorphism that is more natural. We have 
■K^THH{k)'^^ = W(A;)[^oi Mo ^nd inclusion of fixed points gives us a map 
T H H {k)'^^ THH{k)'^'^p'" which induces an isomorphism 

: (^,Ti?iJ(A;)''^-'")[0,oo) ^ W„,+i[/io] 
for each m which is compatible with the Frobenius F . 

Lemma 3.6. Suppose we use the map F^ : Tr^THH{k)'~'p"^ — s- TT^THH{k)'^'~^p"^ 
and the above isomorphism if^ to name elements of 7r^:THH{k)'~^p"'^ . Then 

R : noTHHikfp"- ^ 7:oTHH{kfp"^'^ 

is identified with 

Rocj)-' : W„+i(fc) ^ W„,(A;) 
where : Wm+i(fc) — > Wm+i(fc) is the inverse of the lift of Frobenius from k to 

Wm+lik). 

We will typically use the isomorphisms specified in the above lemma, as they 
are compatible with all the structure except the restriction map, and we find the 
following (compare [21] Theorem 5.5]). 

Lemma 3.7. Suppose we use tpm and ipm-i to identify the source and target with 
Wm+i(/c)[/io] and Wm(fc)[Mo]; respectively. Then the map 

R : TT^THHik)^"^ TT^THH{kfp"^-^ 

is the ring map determined by R(x) = Rwitt°4'^^ix) for x £ Wm+i(fc) and R{p,o) = 
pAmMo for some unit \m G Here i?witt is the usual restriction map on 

Witt vectors. 

It follows that 

{Zp if i = 

coker{(l)-l) ifi = -l 

otherwise 

(Here we use that coker{(t)~^ — 1) = coker{(()— 1).) The trace map K^,{k) — TC*(A:) 
is, after p-completion, an isomorphism in degree and trivial in degree —1, since 
K{A) is a connective spectrum for any ring A. 

Together with Kratzer's calculation [24l Corollary 5.5] of K{k) this provides the 
base case where the trace map is an equivalence on non-negative homotopy groups 
after p-adic completion. 

Next we consider what happens with W(fc). As for TR™(Z), we have only been 
able to determine TR™(W(fc)) up to extensions, so for now we will use mod p 
coefficients. It follows from Example 12.111 above that 

V{0),THH(W{k)) ^ E{Xi) P(/ii). 
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If p is odd then 1^(0) is a ring spectrum and this is a ring isomorphism. If p = 2 
this has to be interpreted additively only (unless we want to invoke the equivalence 
V{0) A THH(W{k)) ~ THH{W{k); fc), which is not S-i-equivariant), although fol- 
lowing Rogues [211 132] our calculation of F(0)*TF(W(fc)) will still be true addi- 
tively. We will omit the necessary details required to make our calculation rigorous 
at p = 2. 

The Tate spectral sequence looks as follows: 

E2 = E{Xi) ® P(^i) ® E{u„^) (E> P{t, t-^) =^ V{0),THH{W{k)Y'^''"' . 

The class vi = t^i is a permanent cycle. Let r(j) = p-' . . . + p for j > 1. Then 
there are differentials 

when Vpii) — j — 1 for 1 < j < m. Finally there is a differential 

for i'p{i) > m, after which the spectral sequence collapses. Considering the case 
m=l, the map V{Q)^THH{W{k)) -J> V{0)^THH{W{k)Y^'' is given by Ai Ai 
and Hi I— ?► t~P, and we see that Tsalidis' Theorem applies. Passing to the S'^-Tate 
spectrum leaves us with 

ViO).THH{Wik)y'^' ^P(«i)®i;(Ai)©0P,(,)(wi){fAi I ^^p(^) 

Restricting to the second quadrant, we find that V^(0)*riJi/(W(fc))''^ consists 
of several parts. To be precise, we have 

(3.8) V{0),THH{W{k))''^' ^ P{vi)i»E{Xi) 

(3.9) 0p^(^.)(„i){f Ai I ^/p(i) =i,* >y+i} 

(3.10) 0P.o+i)_<ip.(«i){^'^'Ai \ 0<d<p} 

j>o 

(3.11) 0p^(^.^^)(„^){^*^Ai I i^pii)^j,t > 1} 

j>0 

From this we can read off F(0)*TF(W(fc)), using Tsalidis' Theorem. First, 
Equation 13.81 comes from a corresponding i>i-tower in T^(0)»TF(W(fc)). Second, 
Equation 13.91 is concentrated in degree < — 2p + 1 so it does not correspond to 
anything in l/(0)*TF(W(fc)). Third, Equation 13. 101 starts in negative degree but 

(3.12) = P^p^d)ip.+...+i-)M{vf^'''"+-+'h^P'Xi \ 0<d<p} 

for < d < p is in positive degree and corresponds to classes in l/(0)*TF(W(fc)). 
Finally, the wi-towers in Equation 13.111 all come from corresponding t^i-towers in 
F(0)*TF(W(fc)). 

In a similar way we find that 

t/(0),riJiJ(W(fc))*'^'[0,oo) ^ P{vi)®E{Xi) 

®,>1 PrU){vi){fXi I l^p{l)=j,l<0} 

0<d<p 
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We can also read off R : V"(0),TF(W(fc)) ^ F(0)*TF(W(fc)) this way. If we use 
tfie convention in Lemma 13.61 above we find tliat R is given by 4>~^ on Equation 
13.81 maps Bd.k+i onto Bd,k for < d < p, and is zero on Equation 13. Ill 

It follows that 

F(0),TC(W(fc)) = P{vi){¥p{l, Al} © coker{(j) - l){5,5Ai} © /c{t'^Ai|0 < d < p}} 
and 

F(0),i^(W(fc)) P(t;i){Fp{l, Al} © coker{(t> - l){dvi, dXi} © fc{t''Ai|0 < d < p}} 

Here \d\ = —1, and vl^^f^Xi is represented by 
(3.13) n z^r'+'^^^'^-^'^i'^'Ai. 

i<(p-'i)(P^+... + l) 

From this one can determine the homotopy type of K{W{k)), see [7] or |22| . 
When p = 2 the above calculations are still valid when interpreted as P{vf)- 
modules, although determining the homotopy type of the algebraic iiT-theory spec- 
trum is more complicated. 

3.3. Topological cyclic homology of fc[x]/a;". We also need the computation of 
TC*(fc[a;]/a;") from j20^. Suppose 11 is a pointed monoid, and let fc(n) denote the 
pointed monoid algebra. Then THH{k{lV)) ~ THH{k) A BA^(n), and this is an 
equivalence of 5 ^-equi variant spectra. In particular, let n„ = {0, 1, a;, . . . , a;""-'^} 
so that fc(n„) = k[x\/x'^. Then it is clear that i?^^(n„) splits as a wedge of 
homogeneous summands, using the degree in a;, and Hesselholt and Madsen found 
the following. 

Theorem 3.14 (Hesselholt-Madsen [2D!)- cyclic bar construction _B'^^(n„) 

splits, -equivariantly, as 

where B'=y(lln,0) = 5°, 

B'y{U,,,s)^S\s)+AS^'' 
if n does not divide s and _B'^^(n„; s) sits in a cofiber sequence 
S\s/n)+AS^' ^S\s)+AS^'' ^B"^(n„,s) 

if n divides s . 

Here d= [^J, A^ = C(l) © . . .©C((i), and S'^(s) denotes S"^ as an S'^-space with 
an accelerated action. Note that if p does not divide n then 

i?^^(H„);~5°v\/^''(n"'^)p- 

n\s 

Because the splitting is S'^-equi variant it follows that 

TR"(fc[a;]/a;") ^ \/ TR™(fc[x]/x", s). 

s>0 

We consider the cases n \ s and n \ s separately. 

First suppose n \ s and consider the Tate spectral sequence 

E*^'* = P(/xo) © E{es) © E{u^) ® P{t, t-^)[Xd] =^ TRr(fc[a;]/x-", s). 

18 



The behavior of this spectral sequence depends on m and fp(s). Suppose m < fp(s). 
Then we have the same differential ^2771+1(^771) = tv'o' as for k, leaving us with 

^2^+2 = E*^* = Pmivo) E{es) ® P{t,t-')[Xd]. 
This is the associated graded of 

TT,THH{k[x]/x'', s)*^''"' S Wm{k) ® ^(e,) ® P{t,t-^)[Xd\. 
Restricting this to the second quadrant gives 

7v,THH{k[x]/x'',s)^^^"' ^ Wm{k) ^ E{es){f | i > 0}[Xd] 

^Wm+i{k) ^ E{eM I j > 0}[Xd]. 
Now suppose m > fc'p(s) + 1. Then we instead have a differential ci2L/p(s)+2(l) = 
estvQ'''"^\ which leaves 

7T,THH{k[x]/x'', sf^'"- ^ ^Ms)ik) £;(W777) ® Pit, t-^)[Xd]. 
Restricting this to the second quadrant gives 

n.THH{k[x]/x'^,s)''^'"- ^ W,^(,)(fc) ® | i > 0}[Xd] 

^^Ms)+i{k)^E{um){fJ-ies I j > 0}[Xd\. 

Now we take the inverse limit over m, using the structure map F, and find that 

for s > 1 we have 

7r*Ti?i?(A;[x]/x",s)*^' -W,^(,)(fc)®P(t,t-i){eJ[Ad], 
which is concentrated in odd topological degree. Similarly, 

0W„^,(,)+i(fc){A.^oe, I J >0}[Arf] 

is concentrated in odd topological degree. Note that this is a Wyp(s)+i(fc) in degree 
2i + 1 for z > and a 'Wiy^(s) (fc) in degree 2i + 1 for i < d. 

Now suppose n \ s. If p f n then T H H {k[x\ / x"^ , s) is trivial. If p | n, write 
n = ap" with p\a. Then the Tate spectral sequence looks like 

^2*'* = PiP'o) ® E{u^) ® P{t,t-^){es,fs} 

with |es| = 1 and |/s| = 2. If m < we have the same (i277i+i-differential on Um as 
before, and if m > w we have a differential 

d2v{fs) = VqCs- 

This leaves us with 

^2*;+! = E*J' = Pvivo) ® ^(^77.) ^ P{t,t-'){es}. 
This is the associated graded of 

7T:,THH{k[x]/x'', sy^""- ^ W„(fc) (8) E{um) O P{t, i"^){e4. 
Restricting this to the second quadrant gives 

Tr,THH{k[x]/x'',sf^'''- ^W^ik) E{um){fes \ i > 0}[Ad] 

^Wy{k) ^ E{um){l^ies I j > 0}[Ad]. 
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Now we take the inverse limit over F, and find that 

Tr,THH{k[x]/x^, s)*^' ^ W,{k) ® P(t, t-i){e,}[Ad], 

which once again is concentrated in odd topological degree. Restricting to the 
second quadrant once again leaves 

7T,THH{k[x]/x'',s)''^" ^ W,(fc){fe, | z > 0}[Xd]^W,{k){^Iles \ j > 0}[\d]. 

This does not, in itself, compute TF^,{k[x]/x"), because Tsalidis' Theorem does 
not apply. But it is possible to compute TF*(fc[a;]/a;", s) for each s directly, identify- 
ing it with TR''/_^llt\{k) if n I s and with the cokernel of F'^p^") : TK-ii-^\k) -> 

TR^^^^^^^j^(fc) if n I s. And we have the following computation, see [2D]. (See also 
[HIE] in the case k = Fp.) 

Theorem 3.15. Let A be an actual complex -representation. Then TK^_)^{k) 
is concentrated in even degree. If i > dimc(A) we have TR2"_^(fc) = Wm(fc). // 
dimc(A(^-i)) > i > dimc(A(^')) then TR^\_a('^) = W™_j(fc). 

This is proved using an i?0(S'^ )-graded version of the fundamental diagram. For 
any virtual S'^-representation a we have a fundamental diagram 



r„ 



r„ 



This diagram can also be used to compute R : TR'^+^{k) TW:^_y{k). 

We use Theorem 13.141 above and find (compare [HJ Section 8.2]) that if n f s 
then 

TF{A[x]/x";s) ~ iS\s)+ A S^" A THH{A)f' 

~ j:f{s^{s)+,thh{A) a s^-'f' ~ y.{thh{A) a s^-'f^ 

up to p-completion. Similarly, if n | s then TF(A[a;]/x"; s) sits in a cofibration 
sequence 

EiTHH{A) A 5^")'^=/" ^ EiTHH{A) A S^")^^ TF(A[x]/x"; s). 

Hence 

TF4k[x]/x",s)^TRZ^(>Xik) 
when n \ s and similarly for the case n \ s. This is what Hesselholt and Madsen 
used to compute Kt,{k[x]/x"). 

With this we can describe the maps F : TF*(fc[a:]/a;") THH{k[x]/ x'^f'^^ 
and f : TF*(fc[a;]/a;") THH{k[x]/x'^Y^\ The map F sends TF{k[x]x/'^ , s) to 
THH[k[x\/x'^,sf^ and is given as follows. 



Theorem 3.16. In degree 2i + 1 Jor i > d the map 

T : TF2.+i(A:[:e]/:e"; s) ^ TT2r+iTHH{k 
is an isomorphism. In degree 2i + 1 for i < d the map 



T : TF2^+l{k[x]/x'';s) ^ 1T2^+lTHH{k[x]/x'';s)''^' 
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is injective. 

We have a similar description of the map F. In this case F sends TF{k[x]/x", s) 
to THH{k[x]/x",ps). 

Theorem 3.17. In degree 2i + 1 for i > d the map 

f : TF2,+i(fc[a;]/a;";s) ^ n2.,+iTHH{k[x]/x'';p.sY^" 
is an isomorphism. In degree 2i + I for i < d the map 

f : TF2^+l{k[x]/x''■,s) ^ 7^2^+lT HH{k[x]/x'';psY^' 

is injective. 

From this we can read oS the action of 

R : TF2,+i(fc[x]/x";s) ^ TF 2^+ 1 {k[x] / x'' ; s/p). 

Theorem 3.18. Suppose fp(s) > I. In degree 2i + 1 for i > d the map 

R : TF2.+i(A:[a:]/a:"; s) ^ TF2,+i(fc[a;]/x"; s/p) 

is multiplication by p^^^ . In degree 2i + 1 for i < d the map R is an isomorphism. 

In particular this means that there is a stable range. If s is sufficiently large 
compared to i then 

R : TF2.+i(fc[a;]/a:"; s) ^ TF2.+i(fc[a;]/a;"; s/p) 

is an isomorphism. Here sufficiently large means i < d. 

4. More spectral sequences 

In this section we construct analogues of the spectral sequence from Theorem 
12.91 for TR™ and TF, and we note that we have relative versions of all of these 
spectral sequences. The filtrations necessary to construct these spectral sequences 
were described by Brun though he only wrote down the filtrations, not the 
spectral sequences. 

We also describe a filtration of TC which comes about in a slightly more com- 
plicated way. The restriction map R does not preserve the filtration; it sends 
F^TF^A) to F^'/P'^TF{A), and following Brun [IT] once more we define F"TC(A) 
as the homotopy equalizer 

R 

F'TCiA) -> F"TF(^) ^ F^'/P'^TFiA), 
I 

where / is the obvious inclusion. 

It is also worth noting that there is a similar filtration of Y,TIIII{A)i^gi, with 

F''Y.THH{A)hsi F"TF(A) 4 i^rVplxF(A). 



Comparing the two spectral sequences will be key to proving Theorem [Cl 
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4.1. Relative THH. We first note that there is an obvious relative version of the 
spectral sequence in Theorem l2.9l If ^ is a complete filtered ring, let / = F^A C A. 
Then / is an ideal, and the degree part of the associated graded of THH{A) is 
THH[A/I). Hence the homotopy fiber of THH (A) THH (A/ 1) is F^THH{A), 
and we get a spectral sequence converging to 7r^THH{A, I) simply by removing 
the filtration part of the spectral sequence converging to Tr^,THH{A). We state 
this as a corollary to Theorem 12.91 

Corollary 4.1. Suppose A is a complete filtered ring or symmetric ring spectrum 
with associated graded GrA, and let I — F^A C A. Then there is a spectral sequence 

U .THH(GrA;.) '<■> ^ „ 
10 it s = 

We analyze the effect of removing filtration in some examples. 

Example 4.2. Consider THH{W{k), (p)) with W(fc) filtered by powers of p. Then 
we have a spectral sequence 

El'* = ker{P{po) ® P{x) ® E{ax) F{no)) =^ THH,{W{k), (p)). 
We have essentially the same differentials as before, now with 

dk+i{x^^ ) a;''+VS ~Va;, 
and this tells us the following. 
Theorem 4.3. We have 

( pW{k) if q = 

THHg{W{k), (p)) ^ I W,^(,)+i(fc) if q = 2z - 1 is odd 
[ if q > 2 is even 

In particular the long exact sequence coming from the fiber sequence defining 
THH{W{k), (p)) degenerates into short exact sequences 

^ THH2,{k) ^k^ Ti/i/2.-i(W(fc), {p)) = W,^(,)+i(A:) 

^ Ti/i/2.-i(W(fc)) - W,^(,)(fc) 0. 

In particular this applies to THH^:(Zp,{p)). Recall [29j that the class Ai = 
Hq~ ax S THH2p-i{Zp) is in the image of the trace map from K2p-i{'Zp, (p)) . 
Using the relative version of THH we now have classes pL^ax S TH H2i+i{Zp, (p)) 
for all i, and we can ask of any more of these are in the image of the trace map. 

Theorem 4.4. For Q < i < p — 1 the class fi^ax G THH2i+i{'Zp, (p)) is in the 
image of the trace map from A'2i+i(Zp. {p)). 

We prove this theorem right after Theorem \5.12\ below. 

Example 4.5. Next we consider THH{Wnik), (p)). Let 

E*-* = ker{F{fio) ® Fp{x) ® E{ax) ® r(x„) P(mo)) 

and let do be generated multiplicatively by do{'jk{xn)) — nx^^^jk-iixn) for k > 1. 
Then we have a spectral sequence 

El* = H,{E*o*,do) =^ THH,{Wn{k), (p)). 
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As long as i^pii) < n the following happens. The class was supposed to support a 
differential, but it is missing, so the target of the differential survives. This gives an 
extra class in THH2i-i(Wnik),{p)). If Vp{i) > n then (Iq survives to give a class 
in T H H2i(W n{k)) ; running the relative spectral sequence we then get one class less 
in THH2i{Wnik), (p))- Hence we find the following (compare Theorem \2.13\) . 

Theorem 4.6. We have 

THH2^iWnik),{p)) = W„,ax(.,(^),„-l)(fc)® W„,ax(.,0%n)(fc) 

0<j<i-l 

THH2^-liW„{k),{p)) = W„,ax(.,W + l.n)W® W„,ax(.,0),„)(fc) 

l<j<i-l 



4.2. A spectral sequence for TR. The spectral sequence in Theorem 12.91 conies 
from an S'^-equi variant filtration on THH{A), so it is reasonable to expect it to 
induce a filtration on fixed points as well. Once we have this, we get an induced 
spectral sequence on fixed points as well. 

Theorem 4.7. Suppose A is a complete filtered ring or symmetric ring spectrum 
with associated graded GrA. Then there is a spectral sequence 

El-' = TR™, (GrA; s) =^ TR™ 

// A is commutative then this is an algebra spectral sequence. 

Proof. We prove the case m = 2, the general case is similar. We use the p-fold 
edgewise subdivision of the Bokstcdt model of THH, which is the spectrification 
of the genuine S'^-prespectrum with V^'th space the geometric realization of 

THH^p\A; V)q = hocolim^p(,+i)17*°+-+M'+i)-i {A{io) A ... A A S^). 

The advantage of this model is that we have a simplicial action of Cp. 

We have a fihration on each THH^^A; V) coming from the filtration on each 
space A{i) in the spectrum A, and this induces a filtration on THH^'p\A) which 
is equivalent to the filtration on THH{A) considered before. With this model it 
is clear that taking fixed points preserves the filtration, since the representation 
spheres are all in filtration 0. □ 

There is of course a similar spectral sequence converging to the homotopy groups 
of the relative spectrum. 

Corollary 4.8. Suppose A is a complete filtered ring or symmetric ring spectrum 
with associated graded GrA and let I — A C A. Then there is a spectral sequences 

, jTRT+tiGrA;s) if5>l T^pm., n 

A description of the £'i-term of the spectral sequence converging to TR™(W„(fc)) 
follows from the calculations in [20], recalled in Section [3731 above. Because we will 
only need the corresponding spectral sequence for TF we omit the details. 

4.3. A spectral sequence for TF. The Frobenius F is simply the inclusion of 
fixed points, so it is compatible with the filtration and we can take a homotopy 
inverse limit to get a spectral sequence converging to TF* {A) . 
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Theorem 4.9. Suppose A is a complete filtered ring or symmetric ring spectrum 
with associated graded GrA. Then there is a spectral sequence 

El:' = TF,+t (GrA; s) =^ TF,+t(A). 

As usual there is a relative version. 

Corollary 4.10. Suppose A is a complete filtered ring or symmetric ring spectrum 
with associated graded GrA and let I — F^A C A. Then there is a spectral sequences 

E.^^l^^s.^iGrA;s) if > 1 ^ 
^ [O if 5 = ' 

For A = W„(fc) this £'i-term is studied in [20] as recalled in the previous section, 
and we find the following. 

Proposition 4.11. Suppose p \ n. Then the above spectral sequence converging to 
TF,(W„(fc),(p)) has El-term 

and E^'* — if n \ s for s > 1. 

Note that this is concentrated in odd topological degree, and hence this spectral 
sequence collapses at the iJi-term. In particular, E^'* is a Wj,p(s)+i(fc) in sufficiently 
high odd total degree. 

Proposition 4.12. Suppose p \ n. Then the above spectral sequence converging to 
TF,(W„(fc),(p)) has El-term 



El'* - 



'TR:i(£\(fc) iin>fs 
^coker{TR:^X-i\k) ""^^ TR:^^t^_\ik)) if n \ s 



for s > 1 



In the case n \ s the cokernel is isomorphic to W,yp(„)(fc) in sufficiently high odd 
total degree, and again we see that the £'i-term is concentrated in odd topological 
degree. 

Corollary 4.13. The spectral sequence converging to TFH.(W„(fc), (p)) collapses at 
the El-term. 

We compare this to W(fc), for which we find the following. 
Corollary 4.14. The spectral sequence converging to TF*(W(fc), (p)) has Ei-term 

E'l* ^TRZ^i''+\k) 
for s > 1. This spectral sequence also collapses at the Ei-term. 

We can now prove Theorem 1X1 

Proof of Theorem\M Suppose fc — J> fc' is a G-Galois extension of perfect fields of 
characteristic p. Then it follows from Corollary and SHI that TF*(W„(fc')) = 
TF*(W„(fc)) (8>w(/c) W(fc') with the induced G-action. Hence the homotopy fixed 
point spectral sequence 

i?*(G; TF4W„(fc'))) => vr4TF(W„(fc'))''^) 
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collapses at the iJ2-term, and it follows that the canonical map 

TF(W„(A:)) ^ TF(W„(fc'))''^ 

is an equivalence. 

The maps R and 1 are G-equivariant, and homotopy equalizers commute with 
homotopy fixed points. Hence the canonical map 

TC(W„(fc)) -^TC(W„(fc'))''^ 

is an equivalence as well. The statement of the theorem follows by taking connective 
covers. □ 

Now suppose k ^ k' is a G-Galois extension of finite fields. Then i4r*(W„(fc)) is 
finite in each degree, and because we have Galois descent after completing at p or 
completing at I ^ p, we find the following. 

Corollary 4.15. Suppose k ^ k' is a G-Galois extension of finite fields of char- 
acteristic p. Then the canonical map 

K{Wn{k)) ^ i^(W„(fc'))'"^ 
is an equivalence on connective covers for any n < oo, no completion necessary. 

4.4. A spectral sequence for TC. For a free loop space LX, we have [LX)'-^'' = 
LX. Given some additive way i to measure the length of a loop, suppose we have 
7 € {LX)'~^p. Then R{'j) identifies 7, which traverses a loop p times, with the loop 
traversed just once. Hence we have i{R{'j)) = This works in our situation as 
well. 

Theorem 4.16. Suppose A is a complete filtered ring or symmetric ring spectrum. 
Then R : TR"+\A) ^ TR"(A) sends F'TR'^+^A) to i^T^/Pl TR'"(A) and R : 
TF{A) -> TF(A) sends F^TFiA) F^^/P^TFiA). 

Proof. We prove the case m = 1, the general case is similar. We use the p-fold 
edgewise subdivision model of THH considered in the proof of Theorem 14.71 above . 
Fixed points by the action of Cp are taken spacewise, and a fixed point of a term 
in the colimit defining THH^p\A; V)q looks like 

(ao A . . . A ag)^P A v 

where v G (S'^)'-^J'. Now, if is homogeneous of filtration \ai\, this is in filtration 
degree p(|ao| + . . . + \aq\). Applying R replaces this by (ap A ... A Og) A v, which 
has filtration degree |ao| + . . . + |aq|. □ 

With this we can make the following definition, compare [XT', Section 5] . 

Definition 4.17. Suppose A is a complete filtered ring or symmetric ring spectrum. 
Let F^TC{A) denote the homotopy equalizer 

R 

F^TC(^) ^ F^TF(A) ^ i^rs/PlTF(A). 

/ 

This provides a filtration of TC{A). Let / = F-^A, and note that because 
F^TF{A) = TF{A,I) and = 1, it follows that F^TC{A) = TC(A, J). 

Since we have a filtration we get a spectral sequence, which looks as follows: 
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Theorem 4.18. Suppose A is a complete filtered ring or symmetric ring spectrum. 
Then there is a spectral sequence with 

El^' = ker {T¥s+t{GrA- s) A T¥,+t{GrA- s/p)) 

©coker(TF,+t+i(GrA;s) 4 T¥ s+t+i{Gr A; s / p)) 

for s>l and E°'* = ntTC{A/I), converging to TCs+t{A). 

Here TF{GrA; s/p) = * ii p does not divide s. As usual there is a relative 
version, obtained by removing filtration s — 0. When A/I — k the distinction is 
not important, as TC*(fc) = for * > 0. 

Proof. It is clear that there is a spectral sequence associated to the filtration, and 
we can compute the filtration quotients using the following diagram: 

F^+iTC(^) F^+iTF(A) i^r(fe+i)/plTF(A) 

F''TC{A) ^ F'=TF(A) ^'•^ ^ F^'^/pT TF(A) 

Gr''TC{A) Gr''TF{A) Gr''^PTF{A) 

□ 

We can now prove the second main result from the introduction. 

Proof of Theorem\B^ We claim that for A — W„(fc) filtered by powers of p the spec- 
tral sequence in Theorem l4.18l above has the property that all nontrivial differentials 
go from odd to even total degree. We can be more explicit about the differentials. 
Given some x G h [g represented in 7r2i_iG'r''TF(W„(fc)). Since the spec- 

tral sequence for TF collapses in this case, it lifts to i G 7r2i_if TF(W„(/c)). If 
R{x) G n2i-iF^^/P^TF{Wn{k)) is nonzero for all possible lifts x, this represents a 
differential. 

On the other hand, a class y G £:^'2«-2-s represented in 7r2i-iG'r*/PTF(W„(/c)) 
and y is a permanent cycle by construction of the spectral sequence. 
Now fix i and pick N such that 

R : TF2.-i(fc[a;]/a;";s) ^ TF2,„i(fc[x]/x"; s/p) 

is an isomorphism for s > N. To be particular we can choose N = ni + 1 

Then £;*'2«-i-s _ j^s,2i-2-s _ q g > N and if fc = Fg a counting argument 
shows that 

|(E*'*)2i-i| _ iei<,<^TF2.-i(fcM/^";g)l 

l(^r*)2.-2| I ei<,<jv/p TF2^^,{k[x]/x-; s)\ 

= 1 TF2._i(fcN/x";s)|=g("-i)\ 

N/p<s<N 

By using that Ki(Wn{k)) is finite and that localized away from p it is isomorphic 
to Ki{k) the result follows. □ 
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If instead we use the non-relative if-theory spectrum K (W n{k)) , we pick up an 
extra K{k) and we get the foUowing. 



Corollary 4.19. Suppose k — ¥q is a finite field with q elements. Then 

'"'^^^ - 1) 



|i^2.-l(W„(fc))| 



\K2^-2(Wnik))\ 

for all i > 2. 

4.5. Two spectral sequences for YiTHH{A)j^^gi. We have the usual homotopy 
orbit spectral sequence converging to ir^.'ST H H (A) i^gi obtained from the Tate spec- 
tral sequence by restricting to the first quadrant, but we also have another spectral 
sequence computing iT^THH{A)}^gi. 

Definition 4.20. Suppose A is a complete filtered ring or symmetric ring spectrum. 
Then we let F'^YIT H H [A) i^gi denote the homotopy fiber 

F'T.THH{A)hs^ ^ F'T¥{A) 4 f'^ ' ' ^'^ TV {A) . 

This provides a filtration of YiTHH{A)hs^ which is very similar to that of TC(A). 
In fact, the filtration quotients are isomorphic and we get a spectral sequence with 
isomorphic i?i-term. 

Tlieorem 4.21. Suppose A is a complete filtered ring or symmetric ring spectrum. 
Then there is a spectral sequence with 



El'' = ker {TFs+t{GrA; s) 4 TFs+t{GrA; s/p)) 



. coker(TF,+t+i(GrA; s) 4 TY,+t+i{GrA- s/p)) 



for s > 1 and E^' — TrtY,THH{A/I)figi, converging to TTg+i'ST H H (A) f^gi . 

The spectral sequences in Theorem l4.18l and Theorem l4.21l not only have isomor- 
phic i?i-terms, the "short" differentials are also isomorphic. By a short differential 
we mean one which multiplies the filtration by a factor of less than p. This happens 
because the inclusion map / : F^TFiA) F^'/p'^TF{A) muhiplies the filtration by 
a factor of p. This phenomenon is closely related to the following result. 

Tiieorem 4.22 (Bnm 11, Lemma 5.3]). Suppose s < t < ps. Then 

F'TC{A)/F'TC{A) ~ F'T,THH{A)hs^/F'T,THH{A)hs^. 

This is especially useful because we can compute Tr^,T H H (W n{k)) i^gi through a 
range of degrees (compare [Til Proposition 6.4 and 7.2]). 

Proposition 4.23. For 2i <2p — 2 we have 

7r2,rHi/(W„(fc))„5i =W„(,+i)(fc) 

and for 2i — 1 < 2p — 3 we have 

n2^-iTHH{{Wnik))hs^ - 0. 

Proof. Recall that the homotopy orbit spectral sequence looks like 

TT,THH{A)[t-^] =^ n,THH{A)i,s^, 
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and recall that in through degree 2p — 2 we have Tr2iTHH{'Wn{k)) = W,i(/c) 
and 7T2i-iTHH{Wn{k)) — 0. Hence the homotopy orbit spectral sequence col- 
lapses at the i?2-terni through the range of degrees we consider. This shows that 
7T^:T H H {Wn{k)) i^gi has the required length over k. 

To show that the extensions are maximally nontrivial, we consider the corre- 
sponding homotopy orbit spectral sequence with mod p coefBcients: 

Let /?„ denote the element in V{0)iTHH{Wn{k)) which is coming from p"^^ e 
THHo{Wn{k)) = Wn{k). Then we have an immediate differential 

and it follows that we have a differential 

for alH < p - 1. This implies that V{0)2iTHH{Wn{k))hs^ = k for 2i < 2p - 2, 
and it follows that the extensions are maximally nontrivial. □ 

Corollary 4.24. For 2« — 1 < 2p — 3 we have 

TT2^^iF^T.THH[m,,{k))hs^ = W(„_i),(fc) 

and for 2i < 2p - 2 we have Tr2iF^j:THH{Wn{k))hs^ = 0. 

5. Comparing spectral sequences 

The main goal of this section is to prove that the map 

TF,(W(fc), (p)) ^ TF*(W„(fc), (p)) 

is surjective. We need this to prove Theorem [C] in the next section, and we can 
also use it to prove the following. 

Theorem 5.1. Let k be a perfect field of characteristic p. Then the canonical map 

K4W{k)) K^Wnik)) 

is surjective in even degrees. 

We prove this at the end of the section. But first we need some general properties 
of spectral sequences, and the study of "commutative squares" of spectral sequences. 
Since we were unable to find a reference we provide proofs. It also requires a trick: 
we filter W(fc) by powers of p" and study the corresponding spectral sequence. 

5.1. Even-to-odd spectral sequences. In this section we prove two technical 
results about spectral sequences where all differentials go from even to odd total 
degree that will be essential later. 

Lemma 5.2. Suppose we have a map 

f : {e:.'*} ^ {e:'*} 

of spectral sequences, and suppose that for some tq the map f : E*^* E*'* is 
injective in even total degree. Suppose also that any nonzero differential dr in E*'* 
for r > ro goes from even to odd total degree. Then f : E*'* — >■ E*'* is injective in 
even total degree for all r > tq and any nonzero differentials dr in £"*■* for r > ro 
goes from even to odd total degree. 
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Proof. Suppose we have a nonzero differential dro{x) = y in E*^* going from odd 
to even total degree. Then we get a differential dra{f{x)) = f{y) in E*^* , which is 
nonzero because / is injcctivc in even total degree, a contradicion. This shows that 
any nonzero differentials drg in E*^* goes from even to odd total degree. 

To show that E*^*^-^ — )• is injective in even total degree it suffices to note 

that we cannot have a nonzero differential on x G E*^* if x = f{x) and dro{x) = 0. 
The result then follows by induction. □ 

Next we study the following situation. Suppose A is a spectrum with two com- 
patible filtrations, a "horizontal" filtration with associated graded Gr^A and a 
"vertical" filtration with associated graded Gr'"A. This means that we have a bifil- 
tration F^'^A of A with maps F^^M F«-i'*A and F^^*A F^^*-^A such that the 
two maps F^'*A — >■ F^~^'*~^A agree. Also suppose A is complete with respect to 
both of the filtrations. Then we get a "commutative square" of spectral sequences 
as follows. 



El'*'* = ■K.BiGrA E[*'* = 7r*GrM 



SS3 



SS2 



E'{*'* = n.Gr'^A > n.A 

Lemma 5.3. In the above situation, suppose that if we go clockwise around the 
commutative square of spectral sequences all nonzero differentials go from even to 
odd total degree. Then the same is true if we go counterclockwise around the com- 
mutative square. 

Proof. Suppose we are given 



of odd total degree. Then by assumption Xs,t is an infinite cycle in SSI, this says 
that X lifts to 

ys,t e TT,F'''A/F'''+^A. 

Now it is possible that Xs,t is killed by a differential in SSI; this happens if and 
only if the image y-oo,t of ys,t in F~°°''^ A/ F~°°''^^'^ A is zero. 

To avoid Xs,t being hit by a differential, restrict SSI to filtration > s, i.e., consider 
the corresponding spectral sequence converging to 7r*F*^~°°A. Then Xs,t survives, 
and is represented by ys^t- Now we get a corresponding restricted version of SS2, 
and by assumption yg^t is still an infinite cycle. 

To spell out why ys.t is necessarily an infinite cycle, suppose we had dr{ys,t) 
■ . for some nonzero Ws,t+r G 7r*f '*"'"''A/F*'*+''+^A. That means that Ws,t+r 
pulls back to a class in 7r*F*'*+''A which maps nontrivially to F*'*+^j4 but trivially 
to F*'*(A). This did not rely on our restricting to filtration > s, so it contradicts 
the assumption that SS2 does not have any differentials going from odd to even 
degree. 

Hence yg.i lifts to a class Zs^t in F'^'^A. Then Zs_t and its image in _F*'*A/F*+-^'M 
provide the required lifts showing that Xs,t is indeed an infinite cycle in SS3 and 
SS4. ' □ 
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5.2. The bifiltered Tate spectrum. Suppose ^ is a complete filtered ring or 
symmetric ring spectrum and we want to compute 'K^THH{Ay^ . Then we have 

two mtrations of THH{Ay^ , by the filtration coming from A and by the Tate 
filtration. To be able to compare the spectral sequences more easily, we double 
the grading coming from GrA. This has the effect of doubling the length of the 
differentials in that spectral sequence. We then get a commutative square 

£;*■*■* = TT^THH{GrA) O P{t, i"!) =^ E'^*'* = ■k^THH{A) P(i, t"!) 



E'^*'* = TT,THH{GrAy^' =^ n,THH{AY^' 

To spell this out, we have a horizontal spectral sequence 

(5.4) {{El^*'*, d'^)}r>2 =^ n,THH{A) ® P{t, r^) 

with £'2*'* = ■ Here we ignore the grading on E^*'* coming from Tate coho- 
mology; it is preserved by all the differentials. Similarly we have a vertical spectral 
sequence 

(5.5) {(£;;*'*, <)}r>2 =^ TT,THH{GrAy^' 

with E2*'* = E2'*, where this time we ignore the grading on E^'*'* coming from 
the grading on GrA. We also have the classical Tate spectral sequence 

(5.6) E'2*'* = THH^A) (8) P{t,t-'^) =^ it^THH{AY^' 
as well as a spectral sequence 

(5.7) E!^*'* = TT,THH{GrAf^' tt,THH{AY^' . 

We have a similar commutative square for computing homotopy fixed points or 
homotopy orbits, with coefficients, or for the corresponding relative spectra. 

Example 5.8. We first consider the commutative square of spectral sequences for 
'Kt,THH[W{k), {p)y^ . In this case the commutative square looks as follows. 

(5.9) 

E;'*'* =THH^{k[x],{x)) (E) P{t,t-'^) E^*'* =THH^{W{k),{p)) (E) P{t,t-^) 



E'f'* = TT,THH{k[x], (.t))*'5 =^ Tr^,THH{W{k), (p))*^ 

We know that THH{k[x], (x))*^' = Vs>i THH{k[x];sy^' . We have 
THH4k[x];s) = P{no){x\x''-^crx}, 
and in the left hand side vertical spectral sequence we have 

where we remember that vq = tfio ■ This leaves 

P,^is)ME>P{tA-'){x'-'ax}. 

This follows from B'^y{Il^;s) ~ 5^(s)-|_, but we can also think about it in the 
following way. We have an immediate differential d2{x) = tax, and now the rest of 
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the differentials follow from the Leibniz rule. In this case Vq represents p, and the 
Leibniz rule says that ^^+2(0^) = Voa'''^^dr{a). 

Note that in this case the horizontal and vertical spectral sequences are almost 
abstractly isomorphic, with the roles of x and vq interchanged. The only difference 
is that we have taken the kernel of the map to P{fj.o), so these classes are missing 
but the corresponding copy of P{x) is still present. Hence £'2*'* is slightly larger 
than Ef'*. 

The spectral sequence in Equation 15.71 collapses, because everything is concen- 
trated in odd total degree. Hence we would expect the extra classes in E2*'* to 
kill each other off. These consist of xP{x) ® P{t,t~^) in even total degree and 
VQ~^x'^p^'^''ax (g) P{t,t~^) for s > 1 in odd total degree. 

Theorem 5.10. In the Tate spectral sequence in Equation 1 5. 61 which converges to 
TT^THH{W{k),{p)y^' we have P{t,t-^)-linear differentials 

for each s > 1. 

Proof. This follows by a counting argument, using the homotopy orbit spectrum. 
The point is that in the diagram 

7T,THH{k[x], (x)) (g> P{t-^) =^ TT^THH{W{k), (p)) ® P{t-^) 

n,THH{k[x], {x))f,s^ : ■ TT,THH{W{k), {p))^s^ 

we can read off the length of iT2i-iTHH{W{k), {p))hs^ for all i by going around 
counter-clockwise. Going around clockwise the differentials must then be as claimed. 

□ 

The upshot of all of this is that the i?oo-term of the Tate spectral sequence in 
Equation 15.91 is isomorphic to the i?2-term of the absolute Tate spectral sequence 

El'* ^ THH4W{k))(8)P{t,t-^) =^ 7r,riJiJ(W(fc))*^' 

with fiber degree removed. 

Example 5.11. Next we consider V{0)^THH{W{k), (p))*"^'. We find that except 
for degree zero the map 

V{0)^THH{W{k)Y^'' V{0)^THH{kY^'' 

is trivial. One might wish to argue that we can compute V (0) ^^T H H [W (k) , (p)) by 
removing fiber degree of the E2-term of the Tate spectral sequence converging to 
V{0),THH{W{k)y^\ 

While this does compute the correct answer, it is more difficult to justify because 
V{0)fTHH{W{k), (p)) is not isomorphic to V (0) ^.T H H {W (k)) in positive degrees, 
so the spectral sequence 

El'* = V{0),THH{W{k), {p)) P{t, t-^) =^ V{0),THH{W{k), (p))*^' 

looks quite different to the corresponding spectral sequence for THH(W{k)). 
Instead we use that in positive degree we have 

ViO),THH(W{k), {p)y^' = ViO)^THH{W{k)Y^" © V{{))^+iTHH{kY'^\ 
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Recall that 

V{Q)^THH{kf^^ =P{t,t-^). 

Now we argue as follows. Recall that in F(0)»T_ff_ff (W(fc))*'^ we have truncated 
Vi-towers of the form 

P,(,)K){fAi} 
whenever Vp{i) = j . Since the map 

V{0),THH{W{k), {p)) V{0)^THH{W{k)) 

is injective, we have a class w^^"''' ^<*Ai in V (0) ^.T H H (W (k) , (p)) . We find that 
vi ■ (wi^^^^^^^t'Ai) maps to in V{Q)^THH{W{k)Y'^\ But this class ts killed by 
in the spectral sequence converging to V{0)^THH{W{k)Y'^ , and this means 
that it is nonzero and represented by dt'~P' m V{0)^THH{Wik), (p))*-^ . Hence 
we find the following: 

Theorem 5.12. We have 



V{0),THH(y¥{k),{p)Y'' [0,oo) ^ P{vi) ® E{X 



®j>oPr(j)+i{vi){t'Xi I i^p{i)=j,i< 0} 

0<d<p 

This means that every vi-tower is one longer. This will make some of our results 
just a little bit stronger. In particular we can use it to prove Theorem\4.4\ 



Proof of Theorem \4.4\ If wc compute V{0)i,THH{Zp, {p})'^^ as well we also see 
truncated wi-towers that are one longer. We find that 

y(0),TC(Zp,(p)) = P(«i)®S(Ai,9)© P(i;i){t%} 

0<d<p 

as before, but now with vl^^f^Xi represented by 

n vr'+''^'''"+-+'k''p'x,, 

i<(p-d){pi + ... + 1) + 1 

compare Equation 13.131 In particular, this class maps to the class named f^Xi 
with one naming convention, and iJ.Q~'^~^ax with another naming convention, in 
THH2p-i-2d{I'p, (p)). □ 

5.3. The map from TF,(W(fc), (p)) to TF*(W„(fc), (p)). In this section we study 
the map TF*(W(/c), (p)) — > TF*(W„(/c), (p)) and prove Theorem l5.ll In particular, 
we prove the following. 

Theorem 5.13. The canonical map 

TF,(W(fc),(p))^TF,(W„(fc),(p)) 

is surjective in all degrees. 
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Proof. Consider filtering W(fc) by powers of p". Then consider the following "com- 
mutative diagram" . 

THH,{W,,ik)[y], {p,y)) ® Pit) =^ Tifif,(W(fc), (p)) ® P{t) 



TF,(W„(fc)[2/],(p,y)) 



TF,(W(fc),(p)) 



Going clockwise around the top square all differentials go from even to odd total 
degree (see Observation I2.15P , hence by Lemma 15.31 so do the differentials going 
counterclockwise around the top square. 

The left hand side map labeled F splits as a wedge of 



F" : TF,(W„(fc), (p)) ^ TT^THHiWnik), (p)) 



hS^ 



and 



: TF4W„(fc)[2/]; s) ^ -k ,T H H [W n{k)[y]- sf'^" 

for s > 1. It follows from Theorem 13.161 that F° is injective, and we know that the 
right hand side map labeled F is injective. Since TF,(W„(fc), (p)) is concentrated 
in odd total degree it follows that the image survives the middle horizontal spec- 
tral sequence, and hence TF*(W„(fc), [p)) survives the bottom horizontal spectral 
sequence. 

The map TF,(W(fc), [p)) TF4W„(fc), (p)) is obtained from the bottom hori- 
zontal spectral sequence by restricting to filtration 0, i.e., to TF*(W„(fc), (p)), and 
the differentials originating from TF*(W„(fc), (p)) in the spectral sequence measure 
the failure of this map to be surjective. Since there are none, the result follows. □ 



Proof of Theorem \5.1l From Theorem 15.131 we have a short exact sequence 

^ TF2.-i(W(fc), (p")) ^ TF2,-i(W(fc), (p)) TF2,-i(W„(fc), (p)) ^ 0. 
By considering the kernel and cokernel of i? — 1 we get a 6-term exact sequence 

^ TC2.-i(W(A;), (p")) ^ TC2.-i(W(fc), (p)) ^ TC2.-i(W„(fc), (p)) 

^ TC2.-2(W(A;), (p")) ^ TC2.-2(W(fc), (p)) ^ TC2.-2(W„(fc), (p)) ^ 
and the result follows. □ 



6. Proof of Theorem ICl 

In this section we prove Theorem[C] Given a filtered object X and integers a < b, 
it will be convenient to use the notation F^''-''^X for F''X/F''+^X. 

6.1. An isomorphism between filtered pieces of TC(W(fc)) and TC(W„(fc)). 
We prove the following results. 

Proposition 6.1. Let i > 2. Then the canonical map TF(W(fc)) ^ TF(W„(A:)) 
induces an isomorphism 

7r2i_iF[i'2»-2+^]TF(W(fc)) ^ 7r2i_iF[i'2»-i]TF(W„(fc)). 
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Here 

F^^'^"^^+'hF{W{k)) = FiTF(W(fc))/(p''''(2""^)F2"-iTF(W(fc))Ui^2"TF(W(/c))). 
In particular, if i^p{2n - 1) = then this is just F^^^'^"'''^^TF{W{k)). 

Proof. Theorem 15.131 above says in particular that the map TF2i_i(W(fc), (p)) 
TF2i-i(W„(fc), {p)) is surjective. On the associated graded we find the following. 
For 1 < s < n - 1 the map Gr'*TF2^-l(W(fc)) -J> G'r'*TF2i_i(W„(fc)) is an iso- 
morphism. Then the map Gr"TF2j-i(W(fc)) ^ G'r"TF2i_i(W„(fc)) is surjective 
with kernel k. For n + 1 < s < 2n - 1, Gr''TF2i_i(W(fc)) ^ Gr''TF2i-i(W„(fc)) 
is multiplication by p. See (THl Lemma 5.3] for the case k = ¥p, the general case 
follows by considering the inclusion Fp — fc. 

The only way for TF2,_i(W(fc), (p)) TF2,_i(W„(fc), (p)) to be surjective in 
this range of filtrations is for the following to happen. For each n < s < 2n—2, p'^p(^'> 
times any lift of the generator of Gr"TF2»-i(W(fc)) to TF2i_i(W(fc), (p)) must map 
to a lift of the generator of Gr"+iTF2^_i(W„(fc)) to TF2^_i(W„(fc), (p)). The resuh 
follows. □ 

Proposition 6.2. Suppose p > 3, i > 3, and that there exists some 2n + 1 < sq < 
3n — 1 with p \ So. Then the canonical map TF(W(fc)) — )> TF(Wn(fc)) induces an 
isomorphism 

^T2^-lF^^'">-^+'^^F{W{k)) ^ 7r2.-iF[i'^°lTF(W„(fc)). 

Here 

i^Ii'"o-i+'lTF(W(fc)) ^ F^TF(W{k))/(j)''''^'°^-^F'">TF{W{k)) U F'"'+^TF{W{k))). 

In particular, if i^p{so) = 1 then this is just i^[i^"«-ilTF(W(fc)). 

Proof. The proof is similar to the proof of the previous result, starting from the 
fact that the map 7r2,-iGr*<'TF(W(fc)) ^ 7r2j-iGr^«TF(W„(fc)) has kernel W2(fc). 
Hence the map TF2,-i(W(fc), (p)) TF2j-i(W„(fc), (p)) must increase the filtra- 
tion by 2 in this range. □ 

Proposition 6.3. In total degree less than or equal to 2p — S the differentials in 
the spectral sequences converging to 7rH.TC(W„(fc)) and to TrtT,THH(Wn{k))hs^ 
isomorphic. 

Proof The spectra TC(W„(fc)) and T.THH{Wn{k))hs^ are both the homotopy 
fiber of maps TF(W„(fc)) ^ TF(W„(fc)), with the map for TC(W„(fc)) being R-I 
and the map for ET_ff_ff (W„(fc))/j5i being R. With our conventions / multiplies 
the filtration by p, so all differentials which increase the filtration by a factor of less 
than p will be the same in both cases. Let us call a differential which increases the 
filtration by a factor of at least p a long differential. 

Now suppose there is such a long differential on a class x in filtration j in 
the spectral sequence converging to Tr^,T,THH{Wn{k))hsi . Through this range of 
degrees there are no nontrivial targets in filtration > n{p — I) + 1, so we must have 
j < n. 

Now consider the corresponding spectral sequences for Wj(/c). There is a class 
representing x in filtration j or j + 1 , which must now survive to Eoo in the spectral 
sequence converging to TT^:T,THH{'Wj{k))hs^- But this leads to a contradiction, 
because x does not represent a multiple of the generator of 'K2i-i^THH(W j{k))hs^ ■ 

□ 
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6.2. Proof of Theorem [Cj Now we are in a position to prove Theorem [Cl 



Proof of Theorem [0 For 2 i — 1 < 2p — 3 we have 



7r2,_iF"TC(W„(fc)) ^ ^2»-i^^["^^"lTC(W„(fc)) 

- 7r2,-iF["-P"ll]ri/i/(W„(fc))„si - 7r2,-iF"ETi7i/(W„(fc));,5i. 



Here we can think of i9 as representing ah the differentials in the spectral sequence 
converging to TC*(W„(fc)) crossing filtration n. liiKp^loii— p — 1 and n > p 
then d is surjective, in the case i = p — 1 and n < p the cokernel is coker(_F — 1) 
generated by the image of dXi G 7r2p_2i^"TC(W(fc)). 

Let ^2j-i(l) denote the a lift of the generator in filtration 1 of the spectral 
sequence computing TF2i-i(W„(fc), (p)). By comparing to the spectral sequence 
converging to 7r*ETiJiJ(W„(fc))/i5i we see that the classes in ker9 represent, up 
to higher filtration, multiples of ^2i~i(l)- 

Next, by comparing to TC(W(A:)) we know that for 2i — 1 < 2p — 5 we have 
maximally nontrivial extensions in ker d. In degree 2p — 3 we find that ker d 
is a direct sum of k and a maximally nontrivial extension. Similarly, by com- 
paring F"TC(W„(fc)) to F"Eri/i/(W„(fc))^5i we find that aU the extensions in 
7r2»-iF"TC(W„(fc)) are nontrivial. 

Now, to prove that we have a maximally nontrivial extension we use Proposition 
I6.1l and l6.2l We know there are maximally nontrivial extensions in the correspond- 
ing spectral sequence converging to 7r*TC(W(A:), (p)), and a counting argument 
in the spectral sequence converging to 7r*TC(W„(A:), {pj) shows that there is at 
least one surviving class in filtration > n in the range where 7r2i_iTC(W„(fc)) is 
isomorphic to 7r2i_iTC(W(fc)) in the sense of the above propositions. 

This finishes the proof, because we have shown that in Equation 16.41 the group 
7r2i_iF"TC(W„(fc)) has the required extensions and similarly for ker(9) except for 
the case 2i — 1 — 2p — 3, and that the extension is maximally nontrivial. □ 

We finish by recording what this means when k is finite, in which case we find 
the following. 

Corollary 6.5. Suppose k = Fps is a finite field with p^ elements. Then 



We then have an exact sequence 



(6.4) ^ ^T2^-lF'^TG{Wn{k)) ^ TC2.-1 (W„(fc), (p)) 

^ 7r2,-iF[i'"-ilTC(W„(A:)) A ^2.-2i^"TC(W„(fc)). 



K2^^l{Wn{k),{p)) 




for 1 < 2i 



for 2i-l 



l<2p-5 
2p-3 



and 




for 2 < 2i < 2p - 4 
for 2i = 2p-2 



In particular, 



i^2,-l(Z/p",(p)) 



( 



for 1 < 2i - 1 < 2p - 5 

Z/p©Z/p("-i)(P-i)-i for2i-l = 2p-3 
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and 

\0 for2<2i<2p-4 



i^2,(Z/p", ip)) 



[Z/p for2i = 2p-2 
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